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3.4.1The Unit Circle /

Your notes
Defining Sin, Cos and Tan
What is the unit circle?

= Theunit circleis a circle with radius Tand centre (O, O)
= Angles are always measured from the positive x-axis and turn:
= anticlockwise for positive angles
= clockwise for negative angles
= |tcanbeusedto calculate trig values as a coordinate point (x, y) on the circle
= Trigvalues canbe found by making aright triangle with the radius as the hypotenuse
= Qisthe angle measured anticlockwise from the positive x-axis
= The x-axis will always be adjacent to the angle, 6
= SOHCAHTOA can be used to find the values of sinB, cosB and tan6 easily
= Astheradiusislunit
= the x coordinate gives the value of cos@
= they coordinate gives the value of sin@®
= Astheoriginis one of the end points - dividing the y coordinate by the x coordinate gives the gradient
= the gradient of the line gives the value of tan®

TU
= |tallowsusto calculate sin, cos and tan forangles greater than 90° (E rad)
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TRIG VALUES CAN BE FOUND
BY MAKING A RIGHT ANGLED

ANY POINT (x,y) ON THE
UNIT CIRCLE CAN BE
FOUND USING (cosB, sinB)

YA TRIANGLE WITH THE RADIUS
(x,y)
/h
& i [ THE ANGLE IS
s MEASURED
AR _ | ANTI-cLOCKWISE
(—=1.0) 0| Cost’ (1,00 x | FROM THE X-AXIS
' IN EITHER RADIANS
OR DEGREES
(0,1
AN X
Cosb= F— T_x
HYPOTENUSE
1 OPPOSITE 0 _y_
y SinB= L=y
= . o vy
ADJACENT Tang=3 =2
X

How is the unit circle used to construct the graphs of sine and cosine?

= Ontheunitcircle the y-coordinates give the value of sine
= Plotthe y-coordinate from the unit circle as the y-coordinate on a trig graph for x-coordinates of 8

=0,m/2,m, 3n/2 and 21

= Jointhese points up using a smooth curve
= Togetacleareridea of the shape of the curve the points for x-coordinates of 6 =1t/4, 31/4,
5m/4 and 71/4 could also be plotted
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= Ontheunitcircle the x-coordinates give the value of cosine
= Plot the x-coordinate from the unit circle as the y-coordinate on a trig graph for x-coordinates of 8
=0,m/4,1/2,3/4 and 21t
= Jointhese points up using a smooth curve
= Togetacleareridea of the shape of the curve the points for x-coordinates of 6 =1t/4, 3n/4,
5mn/4 and 71/4 could also be plotted

A YN [THE x—COORDINATE FROM THE

UNIT CIRCLE BECOMES THE
y—COORDINATE ON THE GRAPH

cosB

=V

= |Looking at the unit circle alongside of the sine or cosine graph will help to visualise this clearer
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@ Worked example
Your notes

The coordinates of a point on a unit circle, to 3 significant figures, are (0.629, 0.777). Find 8° to the

nearest degree.
We. know (xy) = (cosB, sinB)
(@629,037) 0

: Cosb = 0629

y = Sin B = 0#%1

o8 f Usm\ﬁ eiter Yatio :

O = cos™(0.629)
= 51023 ..

0 = 5l ° (nearest degree)
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Using The Unit Circle

What are the properties of the unit circle?

Tt
= Theunitcircle can be splitinto four quadrants at every 90° (3 rad)

= The first quadrantis forangles between O and 90°
= Allthree of SinB, Cosb and TanB are positive in this quadrant

Tt
= Thesecondquadrantisforangles between 90°and180° (E rad and Tt rad)
= SinBis positive in this quadrant
3n
= The third quadrantis forangles between180° and 270° (Tt rad and 7 )

= TanBis positive in this quadrant

3n
= Thefourth quadrantis forangles between 270° and 360° ( radand 2Tt)

= CosBis positive in this quadrant

= Starting from the fourth quadrant (on the bottomright) and working anti-clockwise the positive
trig functions spell out CAST
= Thisiswhy itis often thought of as the CAST diagram
= You may have your own way of remembering this
= Apopularone starting from the first quadrant is All Students Take Calculus

= Tohelp picture this better try sketching all three trig graphs on one set of axes and look at which
graphs are positive in each 90° section

How is the unit circle used to find secondary solutions?

= Trigonometric functions have more than one input to each output
= Forexamplesin30°=sin150°=0.5
= This means that trigonometric equations have more than one solution
= Forexample both 30° and 150° satisfy the equationsinx=0.5
= Theunitcircle canbe used to find all solutions to trigonometric equationsin a given interval
* Your calculator will only give you the first solution to a problem such as x = sin™/(0.5)
= Thissolutionis called the primary value
= However, due to the periodic nature of the trig functions there could be aninfinite number of
solutions
= Furthersolutions are called the secondary values
= Thisis why you will be given a domainin which your solutions should be found
= This could eitherbein degrees orinradians
= |fyouseettorsome multiple of mthenyou must workinradians
= The following steps may help you use the unit circle to find secondary values
STEP 1: Draw the angle into the first quadrant using the x ory coordinate to help you

= |fyouareworking with sinx = k, draw the line from the origin to the circumference of the circle at the
point where the y coordinate is k
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= |fyouareworking with cos x =k, draw the line from the origin to the circumference of the circle at the
point where the x coordinate is k
= |f youare working with tan x = k, draw the line from the origin to the circumference of the circle such that
the gradient of the lineis k
= Note that whilst this method works for tan, it is complicated and generally unnecessary, tan x
repeats every 180° (rtradians) so the quickest method is just to add or subtract multiples of 180° to
the primary value
= This will give you the angle which should be measured from the positive x-axis...
= . anticlockwise fora positive angle
= . clockwise foranegative angle
STEP 2: Draw the radius in the other quadrant which has the same...

= .. x-coordinateif solvingcosx=k
= Thiswill be the quadrant whichis vertical to the original quadrant
= .. y-coordinateif solvingsinx=k
= Thiswill be the quadrant whichis horizontal to the original quadrant
= .. gradientif solvingtanx=k
= This will be the quadrant diagonally across from the original quadrant
STEP 3: Work out the size of the second angle, measuring from the positive x-axis

= . anticlockwise fora positive angle
= .. clockwise foranegative angle
= Youshouldlook at the givenrange of values to decide whether you need the negative or positive

angle
STEP 4: Add or subtract either 360° or 2t radians to both values until you have all solutions in the required
range
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Sin@ IS POSITIVE IN THE
TOP TWO QUADRANTS

Sin® IS NEGATIVE IN THE
BOTTOM TWO QUADRANTS

CosB IS POSITIVE IN THE
TWO RIGHT QUADRANTS

¢ GRADIENT =K

tan® POSITIVE

A
Sin6 =K
K
K
COSB =K A
CosB IS NEGATIVE IN THE
TWO LEFT QUADRANTS
K R =
TanB =K Py
GRADIENT = —Ko—
tand NEGATIVE
tan® POSITIVE

O Examiner Tip

tan6 NEGATIVE

= Being able to sketch out the unit circle and remembering CAST can help you to find all solutions to

aprobleminanexam question
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@ Worked example

Given that one solution of cosf=0.8is 8= 0.6435radians correct to 4 decimal places, find all other
solutionsintherange -2m< 6 < 2m. Give your answers correct to 3 significant figures.

Y

Primw‘é T
value Cosine is positive in
the first and fourth
SRS Quadrmﬁs so drow

/Posihiv&

the ongle from the
horizo:\?aL axis in

0‘;3 e 2T both q,l..\a\d.r‘anhs_

K Cosine
positive

Primara value = 0.6435

Us(f\s ol\'as cam, Secondary value = -0.6435

_ﬂ\exe.xcore. ol values are: 06435 * 27N
ond —0.6435 * 27N

Wikhin given domain : -2T< B <2

O = -5.64°, —0.644°, 0.644°, 5.6%
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3.4.2 Simple Identities

Simple Identities

What is a trigonometric identity?

= Trigonometric identities are statements that are true for all values of X or 0

= They are used to help simplify trigonometric equations before solving them
= Sometimesyoumay see identities written with the symbol=
= This means 'identical to'

What trigonometric identities do | need to know?

= Thetwo trigonometric identities you must know are

sin 0
« tan @ =

cos 0

= Thisistheidentity fortan8
» sin260 + cos?f = 1

= Thisisthe Pythagoreanidentity

= Note that the notationsin 26 is the same as (sin 9) 2
Bothidentities can be found in the formula booklet
Rearranging the second identity often makes it easier to work with
» sin20= 1- cos? 0
» cos?f= 1- sin?6

Where do the trigonometric identities come from?

= Youdo notneed to know the proof for these identities but it is a good idea to know where they come

from
= From SOHCAHTOA we know that

opposite _ O

» sin 0 = =
hypotenuse  H
adjacent A
= cos O = e 2
hypotenuse  H
opposite O
» tan 0 = L =—
adjacent A
= Theidentity fortan @ canbe seenby divingsin 8 by cos 0
(0]
simf 7w O 9
. =——=—=tan
cosd A A
H

= Thiscanalso be seenfromthe unit circle by considering aright-triangle with a hypotenuse of 1
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O sin 0
= tanf = — = /

A cos 6 Your notes
= The Pythagoreanidentity can be seen by considering aright-triangle on the unit circle with a

hypotenuse of 1
= Then(opposite)?+ (adjacent)?=1
= Therefore sin? @+cos? 6 = 1
= Considering the equation of the unit circle also shows the Pythagorean identity

» Theequation of the unit circleis x% + y2 =1
= The coordinates on the unit circle are (cos 6, sin )
» Therefore the equation of the unit circle could be writtencos? @+sinZ 6= 1

. . T
= Athirdvery usefulidentityissin @ =cos (90° — ) orsin @ =cos (? - 0)
= Thisisnotincludedinthe formula booklet butis useful to remember
How are the trigonometric identities used?

= Most commonly trigonometric identities are used to change an equationinto a form that allows it to be
solved

= They canalso be used to prove furtheridentities such as the double angle formulae

O Examiner Tip

= |[fyou are asked to show that one thingisidentical (=) to another, look at what parts are missing -
forexample, if tan x has gone it must have been substituted
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@ Worked example

Show that the equation ZSiI’l2 X — c0S X = 0 canbe writtenin the form
acos? x+ bcos x+ ¢=0,where a, b and c areintegers to be found.

7sin*x - cosae = 0

Equakion has both sinae ond cosx so will need
c‘hcmainﬂ before it con be golved.

%G, the_ Ideﬂhlt\j SiﬂiD(‘_ = '| o COSILDC—
Subskitute : 2(1 = Cosix) - cosot =0

Expand : 2~ 2cos’axx - Cosx =0
R_acwr‘anﬁe_: 2(‘_05“‘3(_ + COSx - 2 =0

6a=2, b=, ¢=-2
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3.4.3 Solving Trigonometric Equations /
Your notes
Graphs of Trigonometric Functions

What are the graphs of trigonometric functions?

= The trigonometric functions sin, cos and tan all have special periodic graphs

= You’'llneedto know their properties and how to sketch them for a given domainin either degrees or
radians

= Sketching the trigonometric graphs can help to
= Solve trigonometric equations and find all solutions
= Understand transformations of trigonometric functions

What are the properties of the graphs of sin x and cos x?

= The graphs of sinxand cos x are both periodic
= Theyrepeatevery 360° (2mtradians)
= The angle will always be on the x-axis
= FEitherindegreesorradians
= Thegraphsof sinxand cosxare alwaysintherange-1<sy<1

" Domain:{Xl X € [R}
« Range:{y|—1 <y <1}

= The graphs of sinxand cos x are identical however one is a translation of the other
= sinxpasses through the origin
= cosxpassesthrough(0O,1)
= The amplitude of the graphs of sinxand cos xis 1

What are the properties of the graph of tan x?

= The graph of tanxis periodic
= |trepeatsevery 180° (tradians)
= The angle will always be on the x-axis
= Eitherindegreesorradians
= The graph of tanxisundefined at the points £ 90°, + 270° etc
= There are asymptotes at these points on the graph

T 31
= [nradiansthisis atthe points 3 ,* 7 etc
= Therange of the graph of tanxis
/3
. Domain:{X| X ¢7+kﬂ', k € Z}

= Range: {yl y € [R}
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y=sinx AND y=cosx

Sinx AND Cosx ARE ALWAYS Sinx PASSES THROUGH THE ORIGIN
IN THE RANGE -1 TO 1 Cos x PASSES THROUGH 1
yA\
Yy=C0S X
/ >
~180 /éo oy 180 270 360 "X
: =sinXx
_/I_ Y
Sinx AND Cosx Sinx HAS ROTATIONAL SYMMETRY ABOUT
ARE PERIODIC THE ORIGIN SO sin(=x) = —sin(x)
REPEATING EVERY 360° Cosx IS SYMMETRICAL THROUGH THE y-AXIS
SO cos(—x) = cos(x)

y=tanx
Tanx IS UNDEFINED AT +90)
+270, £450°.. MEANING IT
RANGES FROM —-co TO +o°
YA | | (THESE POINTS ARE CALLED
. .34 | | ASYMPTOTES)
2 ) i
| 1 i i y=1tan x
1 JI I “‘}..
~180 90, 90 7180 270,360 X
24 i
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1_3_l

Tanx
REPEATING EVERY 180°

IS PERIODIC

How do I sketch trigonometric graphs?

= You may need to sketch a trigonometric graph so you will need to remember the key features of each

one

= Thefollowing steps may help you sketch a trigonometric graph
= STEP1: Check whetheryou should be working in degrees orradians

You should check the domain given for this
If you see mtin the given domain then you should work in radians

= STEP 2: Label the x-axis in multiples of 90°

T
= This willbe multiples of 3 if you are working inradians

Make sure you cover the whole domain on the x-axis

= STEP 3:Label the y-axis

Therange for the y-axis willbe - 1<y <1forsinorcos
Fortanyou willnot need any specific points on the y-axis

= STEP 4: Draw the graph

Knowing exact values will help with this, such as remembering that sin(0) = O and

cos(0) =1

Mark the important points on the axis first

If you are drawing the graph of tan x put the asymptotesin first

If you are drawing sin x or cos x mark in where the maximum and minimum points will be

Try to keep the symmetry and rotational symmetry as you sketch, as this will help when using
the graph to find solutions

O Examiner Tip

= Sketch all three trig graphs on your exam paper so you can refer to them as many times as you
needto!
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@ Worked example
Your notes

Sketch the graphs of y = cosB andy = tanB on the same set of axesin the interval - < 6 < 2m. Clearly
mark the key features of both graphs.

Mark in +he

Minmum  and
Mazimum peints i Drow the QSﬂm.?EdCQS

for cosO \

& for the ton smpk

e

Plot the key
volues and
tren join them
up using a

Smooth cCurve
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Using Trigonometric Graphs
How can | use a trigonometric graph to find extra solutions?

= Your calculator will only give you the first solution to a problem such as sin1(0.5)
= This solutionis called the primary value
= However, due to the periodic nature of the trig functions there could be aninfinite number of solutions
= Further solutions are called the secondary values
= Thisis why you will be given a domain (interval) in which your solutions should be found
= This could eitherbeindegreesorinradians
= |fyousee morsome multiple of tthenyou must workin radians
= The following steps will help you use the trigonometric graphs to find secondary values
= STEP1: Sketchthe graph for the given function andinterval
= Checkwhetheryou should be workingin degrees orradians and label the axes with the key
values
= STEP 2: Draw a horizontal line going through the y-axis at the point you are trying to find the values
for
= Forexampleif you are looking for the solutions to sin~(-0.5) then draw the horizontal line going
through the y-axisat-0.5
= The number of times this line cuts the graph is the number of solutions within the giveninterval
= STEP 3: Find the primary value and mark it on the graph
= Thiswill eitherbe an exact value and you should know it
= Oryouwillbe able to use your calculator to find it
= STEP 4: Use the symmetry of the graph to find all the solutions in the interval by adding or
subtracting from the key values on the graph

What patterns can be seen from the graphs of trigonometric functions?

= The graph of sinxhasrotational symmetry about the origin
® Sosin(-x) = - sin(x)
= sin(x) = sin(180° - x) or sin(Tt - X)

= The graph of cos x hasreflectional symmetry about the y-axis
® S0 cos(-x) =cos(x)
= CcOS(X)=cos(360° -x)orcos(2m -X)

= The graph of tanxrepeats every 180° (rtradians)
= Sotan(x) =tan(x+180°) ortan(x + 1)

= The graphs of sinxand cos xrepeat every 360° (2rtradians)
= Sosin(x)=sin(x+ 360°) orsin(x + 2m)
= cos(x)=cos(x+ 360°)orcos(x + 2m)

© ExaminerTip

= Take care to always check what the interval for the angle is that the questionis focused on
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@ Worked example

One solutionto cosx=0.5is 60°. Find all the other solutionsin the range -360° < x < 360°.

The. horizontal Line ot
DfQ\U the C\T'O.PPL OF cosac A .3 =05 sShows that

F

there are 4 Solutions

-360 -2 -180

+60

o

Solutions are : 60, 360°-60° -60°, -360" + 60°

- 60°, -200°, 60°, 200
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